Introduction.
Introduction.
In this paper, we give a certain generalization of the Hasse-Witt theory (cf. [4] ).
Let K be an algebraic function field with an algebraically closed constant field k of characteristic p> 0, and g be its genus. Let M be the maximum unramified Galois extension of K. Let d g be the group generated by 2g elements ui, v1 (i=1, •••, g) with the following fundamental relation :
(u1 v1 ul 1 vl 1) ... (ug vg ug1 vg1)=1.
Let Qg be the completion of dg with respect to subgroups of finite index. Then, it is well known that there is a surjective homomorphism of 1g onto Gal (M/K), and that its kernel is contained in the intersection of kernels of continuous homomorphism from d g to finite groups with order prime to p.
(cf. [3]).
It is obvious that the structure of Gal (M/K) (as an abstract group) depends on g and p. We note that for any finite group G with order prime to p, the number of unramified Galois extensions of K whose Galois group is isomorphic to G is determined by g. Moreover, it is well-known that the structure of the Galois group of the maximal unramified abelian extension of K is determined by g, p, and the invariant rx that was introduced by HasseWitt (cf. [4] ).
Hence if g=1, Gal (M/K) is determined by g, p, and 1K. But if g>_2, the structure of Gal (M/K) is not determined only by g, p and 1K.
In §1, we define an unramified Dm-extension of K as an unramified Galois extension of K whose Galois group is isomorphic to Dnpm=<o, v I o =v =1, rQv 1=oi, where i is a primitive n-th root of unity in (Z/ pmZ)x>.
In § 2, we construct a certain invariant of K depending on n, and state our main theorem.
Let 9.Xn be the set of full representatives of divisor classes of degree 0 of K whose orders are n. Then the invariant is the set {14} AE, where TA is an integer which is determined by the class of A. Then, our main theorem gives the number of unramified Dn~-extension of K in terms of this invariant (cf. [411) .
In § 3, we give some lemmas and in § 4, we prove the main theorem and its corollaries.
In § 5, we give some remarks which are mainly concerned with unramified Dnpm-extensions of K.
In § 6, we give some examples. In particular, we give examples of algebraic function fields which have the same g, p, and 1K but have different numbers of unramified D2-extensions.
Hence, our invariant is essentially new. The author wishes his hearty thanks to Professor Y. Ihara who suggested the author this problem.
He wishes to express his hearty thanks to Professor Y. Morita and Dr. Takayuki Oda for encouragements and careful readings. § 1. Preliminaries and notations.
We shall use the following notations. Let k be an algebraically closed field of positive characteristic p. Let K be an algebraic function field over k, and g be its genus. We assume that g>_2. Let L be a finite Galois extension of K. We denote by [L: K] its degree over K, and by Gal (L/K) the Galois group.
Let be a prime divisor of K, and v; be the corresponding normalized additive valuation of K. We denote by K~ the completion of K at ~, and put £ ={aEK(a)?0}.
We denote by K* the multiplicative group K-{0}, and by Kin the subgroup of K* consisting of n-th powers of all elements of K*. We denote by Kp the image of K under p-th power map. Finally, we denote by Fp the field with p elements.
Let G be a group, N be a subgroup of G, we put CG (N)= {i E G 16z=z6 for all rEN}, the centralizer of N in G. We denote by <u1, u2i ...~ url fti (ul, u2, . ..~ u)=1; i=1, 2, ..., s> the group generated by r elements 2r1i u2, ur and with a fundamental relations f 1(u1, u2, ...~ Ur)=1.
Let L be an unramified abelian extension of K of degree n. We put 4L= {B E L* Bm E K* for some integer m >_ 1}, and for each 6 E d L, we define an element XB of Hom (Gal (L/K), k*) by XB : Gal (L/K) Then it follows from the Kummer theory that the above homomorphism XB gives an isomorphism of dL/K* onto Hom (Gal (L/K), k*). Let ~o be the group consisting of all divisors of K of degree 0 and let ^~H be the subgroup of all principal divisors.
We denote A mod H by A. For any element 0 of 4L, we associate an element AB of ¶o such that AB=(0) in L. This correspondence induces an in jective homomorphism of d L/K* into o/~H. We denote its image by CIL,K, and call it the divisor class group corresponding to an extension L over K.
We define the action of the operator on a subset of an extension field of K in the following manner :
A of L, we put UA= n (A n and call an element of UA an unramified element of A. We note that, for any a E L, L (a/) is unramified over L if and only if a E UL, where a/~ means a root of the equation (X)=a in the algebraic closure L of L. If we have pA C A, we denote by WA a quotient of a group UA by a subgroup pA. Let Q (K/k) be the space of k-differentials of K, and for any divisor A of K, let Q (A)= {wE Q (K/k) ; v~ (w)>>-vb (A) for all primes of K}. Now the Cartier operator C of Q (K/k) is defined as follows. Let x be an element of K which is not contained in K'.
Then, for any element cv of Q (K/k), v can be expressed uniquely as
This operator C has the following properties :
We denote by LK (A) the subspace of K such that vh (x)-(A) for all prime divisors of K, and put l (A)-dimk LK (A). § 2. Definition of invariants and the main theorem.
Let A be an n-division point of ~o=o/H• Then, the dimension l of 9(A) is given by
Now, we assume that n divides p-1. Let {w1} be a basis of 9(A), and let x be an element of K such that (x)=A1.
Then, it follows from the basic properties of the Cartier operator that
Since {xw,j is a basis of 9 (Ar), there is a matrix CA=(c) of M1 (k) such that
Let TA be the rank of CACA(p' "• CA(pl-1)' where CA(pk) is the matrix We claim that this TA does not depend on the choice of a basis of 9(A) and a representative of a class of A. To see this, let {rci} be another basis of 9(A), and CA be the matrix such that
Then, there is a regular matrix S of GLl (k) such that Then, we have
It follows from the basic properties of Cartier operator (see § 1) that
Hence, we have CA=S(1'p' CA S-1. Therefore, CACAp' ... CAPI-1)_(S(1/p)CAS-1)(S(1/p)CAS-')(p) ... (5(1/P CA S1)(Pl) =S(1/p) CA CA' ... CA(pl-1) (S-1)(p1`1) .
Since S is regular, rank CACp) ... CApc-1)=rank CACACp) ... CACpc-1).
Hence TA does not depend on the choice of basis of Q (A).
Let Al be another representative of A. Then, there exists a function y of K such that (y)A1=A.
Let x1 be a function of K such that A1p-1=(x1). Then, {yw1} is a basis of Q(A1) and (x1)=(yp-1x).
Hence,
We have CA=CA1, and YA=IA1. Hence, IA does not depend on the choice of representative of class A. Terefore, TA is uniquely determined by A. If we call '2I n the set of all n-division points of Col~x, the set {TA}AE n is an invariant of K (depending on n). Especially if n=1, {TA} AEEn consists of one element TK, which was introduced by Hasse-Witt [4]. DEFINITION 1. A group G is said to be (m, n) type if there exists abelian groups A of order m and H of order n such that G is a semi-direct product of H and A, with H as its normal subgroup. DEFINITION 2. An unramified Galois extension of K is said to be (m, n ) type if its Galois group is (m, n) type. Especially, an unramified Galois extension of K of (n, pm) type is said to be Dnpm-type if its Galois group is isomorphic to Dnpm=<U, r j a =rn=1, zaz-1=a i with i s primitive n-th root of unity mod pm>.
Then, we note that n divides p-1 if n is prime to p. Now, the main results of this paper can be stated as :
THEOREM. Let K be an algebraic function field with an algebraically closed constant field of positive characteristic p, and let g be its genus. We assume that g>2. Let n be a positive integer such that n divides p-l. Then, the number of unramified Dnp-extensions of K is equal to A where A runs over full representatives of divisor classes of K of order n. COROLLARY 1. Let K be as in Theorem. Let n be a positive integer prime to p. Then, the number of unramified Galois extensions of K of (n, p) type is determined by {TA}, where {A} are full representatives of divisor classes of K of degree 0 whose orders divide p-1 and n. 
Hence ae can be expressed as LEMMA 2. Let K, L be as in Lemma 1. Let M be an unramified Galois extension of K of (n, p) type containing L. (For the definition of (n, p) type, see § 2). Then there is an element O of 4L and a subgroup <a mod ~OK> of WOK of order p such that M is generated over L by an element 1/~(a). Moreover O mod K* and the subgroup <a mod WOK) is uniquely determined by M. Conversely for a subgroup <amod~OK> of WOK of order p, L(1/~(a)) is an unramified Galois extension of K of (n, p) type containing L.
PRooI~. It follows from the Artin-Shreier theory that M is an unramified cyclic extension of L of degree p if and only if there exists a unique subgroup < a mod L> of WL of order p such that M=L (1 /~ (a)) . Moreover, M is a Galois extension of K if and only if for any a E Gal (L/K) , L 1(a°) =L 1(a) . Assume that (a mod L> C WOK for 8' of ZI L . Then, it follows from Lemma 1 that WOK n WO' K=0 if OsO' mod K*. Hence 8=8' mod K*.
Conversely, let <a mod ~L> be a cyclic subgroup of WOK of order p. Then it is clearly a Gal (L/K)-module.
Hence L(1/(a)) ~ is a Galois extension of K of (n, p) type containing L, q. e. d.
COROLLARY. Let K, L be as in Lemma 2. Then there is a one-to-one correspondence between the set of unramified extensions of K of (n, p) type containing L and the set FEE U {subgroup of WOK of order p}. dL/K* PROOF. We put U= {unramified extensions of (n, p) type containing L} and S= U {subgroups of WOK of order p}. 8 E dL/x* It follows from Lemma 2 that for any element M of U, there is an element <a mod ~L> of S such that M=L(1/~(a)), and that this <a mod ~L> is uniquely determined by M. Hence there is a mapping from U into S. Conversely for any element <a mod ~L> of S, L(1/(a)) ~ is an unramified extension of (n, p) type, that is, an element of U.
Moreover if <a1 mod PL>=(a2 mod ~L>, L(1/ ~ (a 1))=L (1/p (a 2)). Hence the above correspondence is one-to-one.
q. e, d. REMARK 1. Let K, L be as in Lemma 2. Let SO= {subgroups of WOK of order p}.
It follows from Lemma 1 that SO (1 SO=O if Bss0' mod K*. Therefore it follows from the corollary to Lemma 2 that the number of unramified extensions of K of (n, p) type containing L is equal to
Then it follows from Lemma 2 that an unramified Galois extension of K of (n, p) type containing L is generated over by an element 1/~(a), where <a mod L> is an element of SBA.
is an unramified D,-extension of K, where no=[K(B1) : K].
In fact if we put v=1/~(a), the conjugates of v have the forms ~~ (v+i), with i E Fp and a primitive no-th root of unity. We define elements of Gal (K(v)/K) as follows :
Then zn (v)=ap (v)=1, and zaz-1(v)=v+~-1. Since is a primitive no-th root of unity and contained in Fp, <c, z>NDnop. On the other hand
is an unramified D09-extension of K if and only if <a mod ~L> is an element of S01, with i an integer prime to n. Therefore, the number of unramified Dnp-extensions of K containing L is equal to SBi. (1, n)=1 §4. Proof of the Theorem.
Let L=K(8) (O' K) be an unramified cyclic extension of K of degree n. We assume that n divides p-1.
Let A be a divisor of K which corresponds to 0 as in § 1.
It follows from Remark 2 after Lemma 2 that there is one-toone correspondence between the set of unramified Dnp-extensions of K containing L and the set U S(i), where S(i) is the set of subgroups of order p as (i,n)=1 defined in Remark 1 after Lemma 2. Therefore, the proof of Theorem can be reduced to the fact
If AE this is nothing but the theory of Hasse-Witt [411. Hence we assume that Ac ^DH. In this case, we can prove (*) using the method shown in Hasse-Witt [41.
0, there is a non-zero element w1 of D (A). The zeroes of w1 is finite, so there is a prime divisor of K such that v~1(w1)
On the other hand, dim,, Q (A(~1)=g-2+l (A(1) and dim,, D(A)=g-1.
Since l(A1) (>_0, dim,, Q (A)-dim,, D (AC~1)<<_ 1. Hence dimk D (A(1)=g-2. Assume that there are distinct i primes ~1, of K such that dim,, Q (A 31 =g-1-i.
If i-g-1, the assertion holds. If i<g-1, then using the above arguments, we can show that there is a prime divisor ~i+1 such that dimk (A1 ••• ~i1i+1)=g-2-i.
By induction on i, the assertion holds.
Let us take a prime divisor (2 of L which is an extension of Chi and take a prime element 7ri with respect to Lei . Since any prime divisor of K is completely decomposed in L, K~i=L~i . Hence, we can take an element of (especially of K) as a prime element of L~ti . Since B is contained in K~ for all prime divisors of K, there is an element of the allele ring RK of K such that ()~=8, where ()~ is the 3-th component of . Hereafter, we shall denote simply denote by B. Let ri be an element of the allele ring RK such that Bvi, v as a where cl is an element of k and c_v~0. We can choose 0v, so that c_v=1. Then,
if (Y=/= and C 3.
Repeating this process, we can show that there are elements vi of K and bi j of k such that
We put BA=(bi j) . Then, it follows from the above formulas that We can express u and Bvki as u= 3~ ~k2 bj ire, Bvki-~zE agr1, 1 with ir a prime element of K. Then there is an element a of k such that a p =b_pki. We can take u as a_kti=a. Then,
Repeating this process, we can show that there is an element v of K such that
That is, u-~ (Ov) E LL (cp ... g_1) . Since Bp-1 E K, there is an element w of K such that Ow= u-, (Ov) . Then w satisfies the required conditions.
g-1
We note that this fact implies that the homomorphism f of VOK= H (6Kn PK~i)f LL((p into WOK= f(OKfK~)/~BK defined by f : Vex -~ WOK w w u --> u mod ~BK is a surjective homomorphism.
Finally, let u be an element of VOK such that u=0 (mod ~BK) . Then u can be expressed as u=(Ox)p-Ox with an element x of K. Since u E LL (Cp vi(Ox)>--vz(Ci), that is for any 1<_i<_g-1 and ve(x)? -v~ (A) for any prime divisor different fromi . This implies x E LK (AC1 ~0-1)
On the other hand, it follows from the choice of~i that dim k LK (A~1 (S3g_1)=0. Hence we have x=0. This implies that f is injective.
q. e. d. We put RA= { (c1)~ kg-1 I t(c) $A=t(ci)1 This is an Fr-vector space of finite rank. Now we are going to calculate the rank of WOK= n (~K3 n OK)/OK in terms of RA. that is,
On the other hand, by Proposition 2, (r')-BA(ri) (mod RK(0)+BK).
That is, there is an element vi of K such that
Hence t(c) (evi)` t(c) (rp) t(c) BA (ri) (mod RK (0)) • (3)
It follows from (1) and (3) that
It follows from the choice of (1, • • •, 3g _ 1 that u-t(c) (vi)=0.
Hence t(ci)(ri)-t(cp)BA(ri)=o. Hence t(ci)`t(cp)BA=o, that is, t(c1) RA. If u=o, t(cp) (vi)=o. Hence we have t(cp) (Bvi)=o. It follows from (2) that {8vi} is linearly independent over k. Hence we have (c)=O. Therefore we can define a homomorphism g of VOK into RA as follows :
We are going to show that this homomorphism is an isomorphism. Let t(c) be an element of RA. Then, t(cp) (ev i)= t(cp) (rp) t(c) BA (ri) (mod R K (0) ) =t(cp) (r)-t(c) (ri) (mod RK (0)) Hence 8u= cpOvtiE VOK. This implies that g is surjective. Finally if (c)=O, then we have u=0. This implies that g is injective. Hence we have RAti WOK q. e. d. COROLLARY 1. Let n is prime to p. Let K be an algebraic function field with an algebraically closed constant field k. Then the number of unramified Galois extensions of K of (n, p) type is determined by {IA} A, where {A} is a complete set of representatives of divisor classes of degree 0 whose orders divide p-1 and n.
PROOF. Let L be an unramified abelian extension of K of degree n. Then it is sufficient to prove that the number of unramified Galois extensions of K of (n, p) type containing L is determined by {TA} A, Let M be an unramified Galois extension of K of (n, p) type containing L.
because n is prime to p. We put A= Gal (L/K) and P=Gal (M/L) . Then, A=n and P=p, and P<Gal(M/K). Let L1 be the subfield of L which corresponds to the centralizer of P in G. Then, M is an abelian extension of L1. Hence there is a unique cyclic extension M1 of L1 of degree p such that M=M1 • L. It is easy to say that Gal (M/M1) is a normal subgroup of Gal (M/K) . Since Gal (L1/K) N G/CG (P) is isomorphic to a subgroup of Aut (P)=F, L1 is an unramified cyclic extension of degree dividing p-l.
We put n1=[L1: K]. Now we are going to prove that Gal (M1/K) is isomorphic to D1-<o, v j U1p=v1'1=l and v1 i z1-1=iii with i a primitive n1-th root of unity mod p>.
In fact, let G1= Gal (M1/K), P1= Gal (M1/L1), and A1= Gal (L1/K) . It is sufficient to show that C01(P1) is P1. Since G 1 ~ G/Gal (M/M1), for any element z of CG (P), z mod Gal (M/M1) belongs to CG1(Pi). Conversely, let v be an element of G such that z mod Gal (M/M1) belongs to CG1(P1) . Then, zrz'i r' Gal (M/M1) n P= {1} . Hence, r is an element of CG (P). Hence, CG1(P1)=P1. It follows from the above consideration that any unramified Galois extension of K of (n, p) type containing L is a compositumn of L and an unramified Dnp-extension of K. Conversely, let L1 be the subfield of L whose Galois group over K is cyclic of order n 1 dividing p-1.
Let M1 be an unramified D1-extension of K containing L1. Then, M=M1•L is a Galois extension of K of (n, p) type containing L. Moreover Gal (M/L1)=CG (P), where P=Gal (M/L), G= Gal(M/K). In fact, let L2 be the subfield of L corresponding to CG(P). We put G1=Gal (M1/K) and P1=Gal (Mi/L1) . Since Gal (M/Li) is abelian and Gal (M/L2) is CG (P), Gal (M/L2) Gal (M/L1). On the other hand, since G1=Dnp, P1= CG1(P1) . That is, P1=Gal (M1/L1)=Gal (M1/L2). Hence, L2=L1.
It follows from the above considerations that the number of unramified Galois extensions of K of (n, p) type containing L is determined by {TA} where {A} is the set of divisors which satisfies the conditions stated in Corollary 1.
q. e. d. COROLLARY Z. Let K be as in Theorem and let L be an unramif ed abelian extension of K of exponent p-1.
Then Now, we shall consider unramified Galois extensions of K of (n, pm) type. We assume that n divides p-1 and mainly consider unramified Dnpm-extensions of K (cf. Corollary 3 to Theorem).
First, we review the properties of Witt vectors. Let R be a commutative ring of characteristic p. We denote by Wm (R) the ring of Witt vectors of length m with components in R (cf. Similarly, the r-th component of a.b is also represented by such a form.
(a) Let Wm (R)=(a, 0, 0) with a E R.
Then this forms a multiplicative semigroup. Especially, if R* is a unit group N of R, there is an isomorphism of R* onto Wm (R*). We denote by a an element (a, 0, 0) of Wm (R) . We note that, for any element b of Wm (R ), a-b=(ba a, b1 a, ..., bm-1 apm-1). This is a ring homomorphism, and commutes with the Frobenius endomorphism. Further, we have RVF=FRV=RFV=p.
The projective limit of the system Wm (R) of rings with respect to the restriction is denoted by W(R). It is a ring of characteristic zero on which the operators F and V are defined and satisfy the relation FV= VF= p. If R=k is a perfect field of characteristic p, then, W (k) is a complete valuation ring with the unique maximal ideal pW (k) . If k=Fp, this W(k) is nothing but the ring of p-adic integers and W (k)/ pm W (k) Z/ pmZ• (e) We note that if a1, a2, a r are elements of R and if they are linearly independent over Fp, then, a1, a2, ••, •ar are linearly independent over Z/ pmZ.
In fact, let c1, c2, • • •, cr be elements of Z/ pmZ such that c= ci ai=0.
i Then, the first component of c has the form ci°' a =O, with Since {ai} are linearly independent over Fp, ci°'=0 for all 1<_i<_r. Assume that for all 1 _<i <r, and 1 <_ j <_ k-1, the j-th components cof cti are zero. Then, the k-th component of c has the form cik) apk±hk (c10) ai, c2°' a2, .
•., c.°) ar,
Then, by the assumptions and the remark on the composition laws, hr (0, 0, 0)=0, so capk=0. Since, cik' are elements of Fp, we have ai=0. Since { a i} are linearly independent over Fp, we have c=0 for all 1 <_ i <r. By induction on k, {ai} are linearly independent over Z/ pmZ. Let K be an algebraic function field with an algebraically closed constant field k and let g be its genus. Let L be an unramified cyclic extension of K of degree n. We assume that n divides p-1, and L=K (6) We say an element a of (1(Wm (A) n pW (K~)) an unramified element of A for any submodule A of an unramified extension of K. LEMMA 4• Let K, L be as above. Let M be an unramified Dm-extension of K containing L. There exists an integer i prime to n and a cyclic subgroup <a modyVm (81K)) of Wm,BIK of order pm such that M is generated by the components of 1/~(a) over K. This i and the subgroup is uniquely determined by M. Conversely, for such an a, a field generated by the components of 1/~ (a) over K is a Dn pm-extension of K containing L.
PROOF. This is easily proved using the above lemma and the same arguments as in the proof of Lemma 2 and in Remark 2 after Lemma 2. REMARK. The above Lemmas 3 and 4 can be extended to the case when L is unramified abelian extension of K of exponent p--1.
Moreover, using the same arguments as in the proof of Corollary 1 to Theorem, we can show that the number of unramified Galois extensions of (n, pm) type is determined by {IA} where {A} are full representatives of divisor classes of K of order dividing p-1 and n.
Next, we study unramified D2-extensions of K with ch(k)* p. Then, if ch (k) ~ 2, the number of unramified D2-extensions of K is determined by g and its characteristic.
Here, we shall show that if ch (k)=2, the number of unramified D2-extensions of K is determined by g and the Hasse-Witt invariant yK .
Then, the number of unramified D2-extensions of K is equal to p-1 For the proof of the above proposition, let L be an unramified quadratic extension of K. Since the number of such extensions of K is equal to 21k-1, it is sufficient to show that the number of unramified D2-extensions of K
We denote (L* n Kp)/L*p simply by VL. We note that VL is an Fr-module of rank 2 (2g-1) and that it can be regarded as a Gal (L/K) module by the natural action of Gal (L/K) on L. Then, Proposition is proved if the following two propositions hold. They are easily to proved using the same method showed in Lemmas 1 and 2.
LEMMA 5. Let K, L be as above.
Then, VL= VK V1i where V1= {aE VL I a-=a-1 for nontrivial automorphism z of L over K}. LEMMA 6. Let K, L be as in Lemma 5. Then, let M be an unramified D2-extension of K containing L. Then there exists a subgroup <a> of V1 of order p such that M is generated over K by ti/ a . Conversely for such an element of V1i K(~l a) is an unramified D2-extension of K containing L. § 6. Examples. EXAMPLE 1. Let K be an algebraic function field with an algebraically closed constant field k of genus 2. We shall consider the number of unramified D2-extensions of K. We assume that the characteristic p=3.
We often identify an algebraic function field K with the birational equivalent class of complete nonsingular model CK of K.
There exists six Weierstrass points {P1} of K. Then, K can be expressed Then, 1i12 has the structure of 3 dimensional algebraic variety.
We put N4= {equivalent classes of CK such that NK <_ 15-i} .
We put
Moreover we put
Then it follows from the result of Igusa [5] that Bt2 is a subvariety of A$ and its coordinate ring is equal to JSJ10, J2J4J10, J2J4J~o, J2J6J~0 k J4J6J101, J2J6J10, J5 1-4J102, J5 1-3
Then, it follows from the above fact that Ni is an algebraic set of B12. Especially, N1 consists of 7 algebraic surfaces. N2 consists of 12 rational curves. N3 consists of 4 points. In the following we show the above varieties and their parameter types. That is, in the following table, we denote by (a1, a2, a3) the variety consists of birationally equivalent classes of curves defined by y2=x(x-1)(x-a1)(x-a2) (x-a3).
That is, we obtain the coordinate ring of a subvariety of (a1, a2, a3) type by substituting a1, a2, a3 in *. In the following table is a root of the following equation X 2+X-1=0. This is an 8-th root of unity. Let CK be the curve defined by y2=x(x2-1)(x-a)(x-b).
Then, the Hasse-Witt invariant of CK is always 2, but NK varies as a and b varies. This means that Grothendieck's fundamental group of CK is not determined only by g, p, and TK . EXAMPLE 2. We shall consider the relation between {IAi}. Let K be an algebraic function field with an algebraically closed constant field k of characteristic p and let g be its genus. Let A be an n division point of 3o/(H. If i is prime to n, <Ai>=<A>. Then, it is natural to ask whether TAI=TA or not. We shall give some examples for this question.
First, let K=k(x, y) such that y3=x5-1.
We assume ch(k)=11. Then, we have g=4
and there are prime divisors P01, Pot, Poi, P such that (x)= P01P02P03/P3 and (y+~1)=P82/P5, where is a primitive cubic root of unity. We put A=P03/P. Then, we have 9(A)={(y+1)dx/y2, xdx/y2, x2dx/y2} Q(A3)={(y+1)dx/y2, x3dx/y2, (y+1)xdx/y2} Q (A4) = { (y+1) dx/y2, (y+1)2dx/y2, (y+1) xdx/ y2} Q(A2)={(y+1)dx/y2, x2dx/y2, (y+1)xdx/y2}.
Moreover, we have ((y+1)2k)=Ab0k Hence, we have (y+1)2(y+1)dx/y2 3 0 0 (y+1)dx/y2 C (y+1)2xdx/y2 = 0 4 0 xdx/y2 (y+1)2 x2dx/ y2 0 0 -3 x2d y/ y2
Hence we have rA=3. Similarly, we have 1A2=rA3==rA4=3. Next, let K=k(x, y) such that y3=x(x2-1)(x-i), where i is a primitive 12-th root of unity and let ch (k)=7. Then, there are divisors P0, P1, P_1, Pti such that (y)=P0P1 P_1 P1/P4 and (x-i)=P?/P3.
We put A=P/P. Then, we have Hence, we have YA=1. Similarly, (x-i)2(x-i)dx/y2 -4 0 (x-i)dx/y2 C = (x-i)2(x-i)2dx/y2 i+4/ T 1 (x-i)2 dx/y2 .
Hence, we have 1A2=2. It follows from the above two examples that in general YA IAi . But we don't know which relation exists between them.
